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1110-256X(16)30028-1 Copyright 2016, Egyptian Mathematical Society. Pro
nder the CC BY-NC-ND license ( http://creativecommons.org/licenses/by-
ttp://dx.doi.org/10.1016/j.joems.2016.04.006 nd a wide variety of phenomena not only in physical phenom-
na, but also in plasma, ﬂuid mechanics, optical ﬁbers, solid 
tate physics, chemical kinetics and geochemistry phenomena. 
o that, during the past ﬁv e decades the nonlinear partial dif-
erential equations of mathematical physics are major subjects 
n physical science [1] , a lot of method was discovered by a
iverse group of scientists to solve the nonlinear partial dif- 
erential equations. For example, tanh–sech method [2–4] , ex- 
ended tanh-method [5–7] , sine–cosine method [8–10] , homo- 
eneous balance method [11] , the exp( ϕ( ξ ))-expansion Method 
12] , Jacobi elliptic function method [13–16] , F-expansion 
ethod [17–19] , exp-function method [20] and [21] , trigono- 
etric function series method [22] , ( G 
′ 
) − expansion method G 
duction and hosting by Elsevier B.V. This is an open access article 
nc-nd/4.0/ ). 
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Fig. 1 The Solitary wave solution of Eqs. (3.18) and (3.19) . 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 [23–26] , the modiﬁed simple equation method [27–32] and
so on. 
The objective of this paper is to apply the modiﬁed simple
equation method for ﬁnding the exact traveling wave solution
of the generalized Hirota–Satsuma coupled KdV system [33] ,
which play an important role in mathematical physics. 
The rest of this paper is organized as follows: In Section 2 , we
give the description of the modiﬁed simple equation method. In
Section 3 , we use this method to ﬁnd the exact solutions of the
nonlinear evolution equations pointed out above. In Section 5 ,
conclusions are given. 
2. Description of the modiﬁed simple equation method 
Consider the following nonlinear evolution equation 
F (u, u t , u x , u y , u tt , u xx , u yy .... ) = 0 , (2.1)where F is a polynomial in u ( x , t ) and its partial derivatives in
which the highest order derivatives and nonlinear terms are in-
volved. In the following, we give the main steps of this method:
Step 1. We use the wave transformation 
u (x, y, t) = u (ξ ) , ξ = ( x + y − c t ) , (2.2)
where c is a nonzero constant, to reduce Eq. (2.1) to the follow-
ing ODE: 
P(u, u ′ , u ′′ , u ′′′ , ..... ) = 0 , (2.3)
where P is a polynomial in u ( ξ ) and its total derivatives,
while ′ = d dξ . 
10 M.M.A. Khater et al. 
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ψStep 2. Suppose that the solution of Eq. (2.3) has the formal
olution: 
 (ξ ) = 
N ∑ 
k =0 
A k 
[ 
ψ 
′ 
(ξ ) 
ψ(ξ ) 
] k 
, (2.4) 
here A k are arbitrary constants to be determined, such that 
 N  = 0, while the function ψ( ξ ) is an unknown function to be
etermined later, such that ψ ′  = 0. 
Step 3. Determined the positive integer N in Eq. (2.4) by 
onsidering the homogenous balance between the highest or- 
er derivatives and the nonlinear terms in Eq. (2.3) . Moreover 
recisely, we deﬁne the degree of u ( ξ ) as D ( u ( ξ ) ) = m, which
ives rise to degree of other expression as follows: 
 
(
d q u 
dξ q 
)
= n + q, D 
(
u p 
(
d q u 
dξ q 
)s )
= np + s ( n + q ) . 
tep 4. Substitute Eq. (2.4) into Eq. (2.3) , we calculate all the
ecessary derivative u ′ , u ′ ′ , .... of the function u ( ξ ) and we ac-
ount the function ψ( ξ ). As a result of this substitution, we
et a polynomial of ψ − j ( j = 0 , 1 , 2 , ... ) . In this polynomial, we
ather all terms of the same power of ψ − j ( j = 0 , 1 , 2 , ... ) , and
e equate with zero all coeﬃcient of this polynomial. This op- 
ration yields a system of equations which can be solved to ﬁnd
 k and ψ( ξ ). Consequently, we can get the exact solution of
q. (2.1) . 
. Application 
ere, we will apply the modiﬁed simple equation method de- 
cribed in Section 2 to ﬁnd the exact traveling wave solu- 
ions and the solitary wave solutions of the generalized Hirota–
atsuma coupled KdV system [33] . We consider the generalized 
irota–Satsuma couple KdV system 
 
 
 
 
 
 
 
u t = 1 4 u xxx + 3 uu x + 3 
(−v 2 + w )x , 
v t = − 1 2 v xxx − 3 uv x , 
w t = − 1 2 w xxx − 3 uw x . 
(3.1) 
hen w = 0 , Eq. (3.1) reduce to be the well known Hirota–
atsuma couple KdV equation. Using the wave transformation 
 (x, t) = u (ξ ) , v (x, t) = v (ξ ) , w (x, t) = w (ξ ) , ξ = k (x − λ1 t)
arries the partial diﬀerential equation (3.1) into the ordinary 
iﬀerential equation 
 
 
 
 
 
 
 
 
 
−λ1 k u ′ = 1 4 k 3 u ′′′ + 3 k u u ′ + 3 k 
(−v 2 + w )′ , 
−λ1 k v ′ = − 1 2 k 3 v ′′′ − 3 k u v ′ , 
−λ1 k w ′ = − 1 2 k 3 w ′′′ − 3 k u w ′ . 
(3.2) 
uppose we have the relations between ( u and v ) and ( w and v )
 
(
u = αv 2 + βv + γ ) and ( w = Av + B ) where α, β, γ , A and B 
re arbitrary constants. Substituting this relations into second 
nd third equations of Eq. (3.2) and integrating them, we get 
he same equation and integrate it once again we obtain 
 
2 v ′ 2 = −2 αv 4 − 2 βv 3 + 2 ( λ1 − 3 γ ) v 2 + 2 c 1 v + c 2 , (3.3)here c 1 and c 2 is the arbitrary constants of integration, and
ence, we obtain 
 
2 u ′′ = 2 αk 2 v ′ 2 + k 2 ( 2 αv + β) v ′′ 
= 2 α[−αv 4 − 2 βv 3 + 2 ( λ1 − 3 γ ) v 2 + 2 c 1 v + c 2 ]
+ ( 2 αv + β) [−2 αv 3 − 3 βv 2 + 2 ( λ1 − 3 γ ) v + c 1 ]. (3.4) 
o that, we have 
 
′′ + lP − mP 3 = 0 . (3.5) 
here 
 1 = 1 
2 α2 
(
β2 + 2 λ1 αβ − 6 αβγ
) , v (ξ ) = aP(ξ ) − β
2 α
, 
α = β
2 − 4 
4 ( γ − λ1 ) , A = 
4 β( λ1 − γ ) 
β2 − 4 , 
 = 1 
6 ( −γ + λ1 ) 
(
β2 − 4 )2 (16 c 3 λ1 β2 − 2 c 3 λ1 β4 − 16 c 3 γβ2 
+ 3 c 3 γβ4 + 56 λ2 1 γβ2 
− 48 γ 2 λ1 β2 − 16 c 2 + c 2 β6 − 12 c 2 β4 + 12 c 2 β2 − 16 γ 2 λ1 
− 32 λ2 1 γ − 8 λ3 1 β2 + β4 γ 3 
− 2 β4 λ3 1 + 32 c 3 γ − 32 c 3 λ1 + 48 γ 3 + β4 γ 2 λ1 ) , 
l = −a 
k 2 
(
3 β2 
2 α
+ 2 λ1 − 6 γ
)
, m = −2 αa 
3 
k 2 
. 
alancing between the highest order derivatives and nonlinear 
erms appearing in P ′ ′ and P 3 ⇒ ( N + 2 = 3 N ) ⇒ ( N = 1 ) . So 
hat, by using Eq. (2.4) we get the formal solution of Eq. (3.5) 
(ξ ) = A 0 + A 1 
(
ψ ′ 
ψ 
)
. (3.6) 
ubstituting Eq. (3.6) and its derivative into Eq. (3.5) and col-
ecting all term with the same power of ψ −3 , ψ −2 , ψ −1 , ψ 0 we
btained: 
 
−3 : A 1 ψ ′ 3 [2 + mA 2 1 ] , (3.7) 
 
−2 : 3 A 1 ψ ′ [ −ψ ′′ + mA 0 A 1 ψ ′ ] = 0 , (3.8)
 
−1 : A 1 [ ψ ′′′ + ψ ′ (l + 3 mA 2 0 )] = 0 , (3.9)
 
0 : A 0 [ l + mA 2 0 ] = 0 . (3.10)
rom Eqs. (3.7) and (3.10) we obtain 
 1 = ±
√ 
−2 
m 
, A 0 = 0 or A 0 = ±
√ 
−l 
m 
, where (m < 0) , (l > 0) . 
et us discuss the following cases. 
Case 1. When A 0  = 0 
we deduce from Eqs. (3.8) and (3.9) that : 
 
′ = 1 
mA 0 A 1 
ψ ′′ , (3.11) 
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 and 
ψ ′ = −1 
l + 3 mA 2 0 
ψ ′′′ (3.12)
Eqs. (3.11) and (3.12) yield 
ψ ′′′ 
ψ ′′ 
= E 0 , (3.13)
where E 0 = −( l+3 mA 
2 
0 ) 
mA 0 A 1 
. Integrating Eq. (3.13) and using (3.11) ,
we deduce that 
ψ ′ = c 1 
mA 0 A 1 
exp ( E 0 ξ ) , (3.14)
and consequently, we get 
ψ = c 1 
mE 0 A 0 A 1 
exp ( E 0 ξ ) + c 2 , (3.15)
where c 1 and c 2 are arbitrary constants. Substituting (3.14) and
(3.15) into Eq. (3.6) , we have the exact traveling wave solution:
P(ξ ) = ±
√ 
−l 
m 
±
√ 
−2 
m 
( c 1 
mA 0 A 1 
exp ( E 0 ξ ) 
c 1 
mE 0 A 0 A 1 
exp ( E 0 ξ ) + c 2 
) 
, (3.16)
when c 1 = mE 0 A 0 A 1 . So that, Eq. (3.16) can be written in the
form 
P(ξ ) = ±
√ 
−l 
m 
± E 0 
√ 
−2 
m 
(
exp(E 0 ξ ) 
exp(E 0 ξ ) + c 2 
)
. (3.17)
So that, we get the solitary wave solutions 
• Case 1. When E 0 < 0 and c 2 = 1 . 
P (1 , 2) (ξ ) = ±
√ 
−l 
m 
± E 0 
2 
√ 
−2 
m 
(
1 − tanh 
(
E 0 
2 
ξ
))
, (3.18)
• Case 2. When E 0 < 0 and c 2 = −1 . 
P (3 , 4) (ξ ) = ±
√ 
−l 
m 
± E 0 
2 
√ 
−2 
m 
(
1 − coth 
(
E 0 
2 
ξ
))
, (3.19)
Finally, we did not study the case when ( E 0 > 0) and the
reason of this: 
Under the conditions of values of the parameters l and
m ⇒ E 0 cannot be equal negative value. 
Case 2. When A 0 = 0 
In this case, we deduce from Eqs. (3.8) and (3.9) that ψ ′ = 0 ,
and hence this case will be rejected. 
• Note that: 
All the obtained results have been checked with Maple 16
by putting them back into the original equation and found
correct. 
4. Physical meaning of each solutions: 
Here, we explain the physical meaning of solution since we can-
not that: Eqs. (3.18) and (3.19) depend on some parameters like
l , m , E 0 , k , λ1 when this parameters take special values we can
draw the solutions and explain what is the mean of this ﬁgures. 
For example : when ( m = −2 , l = 8 , k = 1 , λ1 = 2 , ) we
obtain ( A 0 = 2 , A 1 = 1 ) ⇒ So that Eq. (3.18) has two ﬁgures
which represent kink soliton solutions. 
Also, when ( m = −2 , l = 8 , k = 1 , λ1 = 2 , ) we obtain
( A 0 = 2 , A 1 = 1 ) ⇒ So that Eq. (3.19) has two ﬁgures which
represent anti kink soliton solutions. 
5. Conclusion 
The modiﬁed simple equation method has been successfully
used to ﬁnd the exact traveling wave solutions of some nonlinear
evolution equations. As an application, the traveling wave solu-
tions for the generalized Hirota-Satsuma couple KdV system
which have been constructed using the modiﬁed simple equa-
tion method. Let us compare between our results obtained in
the present article with the well-known results obtained by other
authors using diﬀerent methods as follows: Our results of the
generalized Hirota–Satsuma couple KdV system are new and
diﬀerent from those obtained in [33–36] and also we draw the
ﬁgures of solutions and explain the physical meaning of each
one. It can be concluded that this method is reliable and pro-
pose a variety of exact solutions NPDEs. The performance of
this method is eﬀective and can be applied to many other non-
linear evolution equations. The solutions represent the solitary
traveling wave solution for the generalized Hirota–Satsuma cou-
ple KdV system. 
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